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Abstract. We introduce the operation of forming the tensor product in the theory of 
analytic Frobenius manifolds. Building on the results for formal Frobenius manifolds 
which we extend to the additional structures of Euler fields and flat identities, we prove 
that the tensor product of pointed germs of Frobenius manifolds exists. Furthermore, we 
define the notion of a tensor product diagram of Frobenius manifolds with factorizable 
flat identity and prove the existence such a diagram and hence a tensor product Frobenius 
manifold. These diagrams and manifolds are unique up to equivalence. Finally, we derive 
the special initial conditions for a tensor product of semi-simple Frobenius manifolds in 
terms of the special initial conditions of the factors. 



Introduction 

This paper is devoted to the study of Frobenius manifolds and their tensor products. 

The foundations of the theory of Frobenius manifolds were laid down by Dubrovin [Dl]. 
Such manifolds play a central role in the study of quantum cohomology and mirror sym- 
metry (cf. [Gi, KM, M3]). In the realm of mathematical physics they appear for instance 
as the canonical moduli spaces of Topological Field Theories (TFTs). Recently they have 
also emerged in the study of differential Gerstenhaber-Batalin-Vilkovisky algebras [BK] . 
Frobenius manifolds first arose in Saito's study of unfolding singularities (cf. [D2, M3]) 
where they were called flat structures [S]. Further examples of Frobenius manifolds built 
on extended affine Weyl groups were constructed in [DZh]. For an introduction to the 
subject the reader can consult [D2, H, Ml]. 

In a way one can regard Frobenius manifolds as a non-linear structure on cohomology 
spaces. This non-linear structure is rigid and has weak functorial properties. However, it 
admits a remarkable tensor product operation. 

In the formal setting this operation has been introduced in [KM]. In quantum coho- 
mology it corresponds to the Kiinneth formula [B, K]. 

The main goal of this paper is to introduce and to study the tensor product of analytic 
Frobenius manifolds in the non-formal setting. This is done in two steps. First, we 
show that the formal tensor product of two convergent potentials is convergent, so that 
we can define the tensor product of two pointed germs of analytic Frobenius manifolds. 
The convergence proof is based upon the study of one-dimensional Frobenius manifolds, 
carried out in [KMZ]. Secondly, in the presence of fiat identities, we show that inside the 
convergence domain the so defined tensor products corresponding to different base-points 
are canonically isomorphic. This observation is translated into the existence of a natural 
afiine tensor product connection on the exterior product of the tangent bundles over the 
Cartesian product of two Frobenius manifolds. Using this connection we define the notion 
of tensor product diagrams for Frobenius manifolds with factorizable fiat identities. To 
patch together the local pointed tensor products we need the technical assumption that 
the flat identities of the factors are factorizable which means that they can be split off as a 
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Cartesian factor C. This is the case in all important examples. In this situation, wc prove 
the existence of such diagrams and uniqueness up to equivalence. One of the pieces of data 
for these diagrams is a tensor product Frobenius manifold for two Frobenius manifolds, 
which contains a submanifold parameterizing all possible tensor products. The size of 
the manifold itself depends on the convergence domain of the tensor product potentials 
and cannot be controlled a priori. Therefore, we regard two tensor product manifolds as 
equivalent if they agree in an open neighborhood of this submanifold. We also extend the 
situation to a slighly more general setting and prove the analogous results. 

In the examples stemming from the unfolding of singularities the tensor product corre- 
sponds to the direct sum of singularities [M3] . For TFTs it provides the canonical moduli 
space for the tensor product of two such theories. The theorem of the existence of a ten- 
sor product then implies that the moduli space obtained by tensoring all possible natural 
perturbations of two given TFTs is included as a subspace in the natural moduli space of 
the tensor theory. 

Frobenius manifolds often carry the additional structures of an Euler field and a flat 
identity which are sometimes included in the deflnition [D2]. Our tensor product can also 
be extended into this category. 

In the special case of semi-simplicity the structure of Frobenius manifolds becomes 
particularly transparent. Roughly speaking, the Frobenius structure is determined by the 
Schlesinger special initial conditions [D2, Ml, MM] at a given tame base-point. In this 
setting we calculate the special initial conditions of the tensor product. 

Since we need to review the formalism of formal Frobenius manifolds and their tensor 
product, this paper gives a complete analysis of the tensor product in the theory of 
Frobenius manifolds in all of its presently known facets. 

The paper is organized as follows: We begin by recalling the necessary deflnitions and 
facts of the theory of formal Frobenius manifolds and Frobenius manifolds, including 
the tensor product in the formal setting in section 1. We also introduce the notion of 
pointed germs of analytic Frobenius manifolds and give a one-to-one correspondence 
with convergent formal Frobenius manifolds. In section 2 we deflne the tensor product in 
the category of formal Frobenius manifolds with flat identity and Euler fleld and prove 
that the tensor product of two convergent potentials is again convergent yielding a tensor 
product for pointed germs of Frobenius manifolds. Section 3 contains the definition of a 
global version of the tensor product in terms of an affine tensor product connection on 
the exterior product of the tangent bundles over the Cartesian product of two Frobenius 
manifolds. In the framework of tensor product diagrams for Frobenius manifolds with 
factorizable flat identities, we prove the existence of such a diagram and show uniqueness 
up to equivalence. By generalizing the setting to general tensor product diagrams and 
introducing new natural restrictions, we are again able to show existence and uniqueness 
up to equivalence. The last section is an application of the previous results to semi- 
simple Frobenius manifolds. In particular, we calculate the special initial conditions at a 
tame semi-simple point of the tensor product Frobenius manifold in terms of those of the 
pre-images. 

Acknowledgments. I gratefully thank Yu. Manin for many invaluable discussions. I 
would also like to thank B. Dubrovin for stimulating conversations on the subject and 
W. Kramer for his helpful remarks. Finally, I thank the Max-Planck-Gesellschaft for 
flnancial support. 



THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 



3 



1. FROBENIUS MANIFOLDS 
We begin by reviewing the necessary material from the theory of Frobenius manifolds: 

1.1. Formal Frobenius manifolds. We will follow the definition from [Ml]. Let k he a 
supercommutative Q-algebra, H = (Ba^A^da a free (Z2-graded) fc-module of finite rank, 
g : H ® H ^ k aii even symmetric pairing which is non-degenerate in the sense that it 
induces an isomorphism g' : H ^ where if* is the dual module. 

Denote by = A;[[if*]] the completed symmetric algebra of H^. This means that if 
is a generic element of H, then K is the algebra of formal series ^[[a;"]]. We will 
also regard elements of K as derivations on Hk '■= K®kH with H acting via contractions. 
We will call the elements of H flat. 

1.1.1. Definition. The structure of a formal Frobenius manifold on {H,g) is given 
by a potential ^ E K defined up to quadratic terms which satisfies the associativity of 
WD V V-equations : 

Va, b,C,d:J2 ^abeg'^^fcd = (-1)"(^+^^) ^bceQ^^^f^'i (I'l) 

e/ ef 

where ^ahc = dadbdc^, g^^ is the inverse metric and d := x°- = da is the Z2-degree. 

From the equations (|1.1|) it follows that the multiplication law given by da o = 



^ab'^c turns Hk = K ®k H into a supercommutative i^'-algebra. 

There are two other equivalent descriptions of formal Frobenius manifolds using abstract 
correlation functions and Comm oo^algebras (cf. [Ml]). 

1.1.2. Definition. An abstract tree level system of correlation functions (ACFs) on 
[H, g) is a family of ^.^-symmetric even polynomials 

Yn : H^"" ^k, n>3 (1.2) 

satisfying the Coherence axiom (1.3) below. 

Set A = ^ dag°'^db. Choose any pairwise distinct 1 < i, j, k,l > n and denote by ijSkl 
any partition S = {Si, S2} of {1, . . . ,n} which separates i,j and k, I, i.e. i,j G 5*1 and 
k,l G 5*2. The axiom now reads: 

Coherence: For any choice of i,j, k, I 

ijSkl a,b rgS'i rG52 

ikTjl a,b reTi reT2 



1.1.3. Correspondence between formal series and families of polynomials. 

Given a formal series $ G we can expand it up to terms of order two as 

00 

nl 

n>3 

where the Yn G (if*)®". We will consider the y„ as even symmetric maps H^"' k. One 
can check that the WDVV-equations (|1 . 1| ) and the Coherence axiom (1.3) are equivalent 
under this identification, see e.g. [Ml]. 
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1.1.4. Remark. Using Yn one can define multiplications o„ by dualizing with g 

(7(o„(7i, . . . ,7n),7n+i) := Y^+i : k, y„+i(7i ® • ■ ■ ® 7n) (1.5) 

which define a so-called Commoo-algebras. 

1.1.5. Theorem (III. 1.5 of [Ml]). The correspondence of \l.l.^ establishes a bijection 
between the following structures on {H,g). 

(i) Formal Frobenius manifolds. 

(ii) Cyclic Comrrioo- algebras. 

(iii) Abstract correlation functions. 

1.1.6. Definition. An even element e in Hk is called an identity, if it is an identity 
for the multiplication o. It is called fiat, if e G if. In this case, we will denote e by Oq and 
include it basis element. 

1.1.7. Euler Operator. An even element E & K is called conformal, if Lie £;((?) = Dg 
for some D & k. Here, we take the Lie derivative of the tensor g bilinearly extended to 
K w.r.t. the derivation E. In other words: 

VX, F G : UeE{g) := Eg{X, Y) - g{[E, X],Y) - g{X, [E, Y]) = Dg{X, Y). 

(1.6) 

It follows that E is the sum of infinitesimal rotation, dilation and constant shift, hence, 
we can write E as: 

E=Y1 '^-"X'^db + Y,^''da := E, + Eo, (1.7) 

a,b£A agA 

for some dab ^ k. Specializing X = da,Y = db we can rewrite ( p..6|) 

Va, 6 : ^ dacgcb + ^ dbcgac = Dgab- (1-8) 

c c 

In particular, we see that [i?, H] G H and that the operator 

V-.H^H: V{X) := [X, E] - ^X (1.9) 

is skew-symmetric. 

A conformal operator E is called Euler, if it additionally satisfies Lie£;(o) = doo for 
some constant do- 

1.1.8. Quasi— homogeneity. The last condition is equivalent to the quasi-homogeneity 
condition (Proposition 2.2.2. of [Ml]) 

E^ = {do + D)$ + a quadratic polynomial in fiat coordinates. (1-10) 

1.2. The tensor product of formal Frobenius manifolds. The tensor product of 
formal Frobenius manifolds is naturally defined via the respective Cohomological Field 
Theories (Cf [KM, KMK, K]) which in terms of correlation functions manifests itself in the 
appearance of operadic correlation functions and the diagonal class ^jj^^ G y4"'~^(Mo„ x 

Mon). 
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1.2.1. Trees and the cohomology of the spaces Mqs- We will consider a tree r as 
quadruple (F^, V^, dr,jr) of a (finite) set of (of flags) F^-, a (finite) set (of vertices) V^, the 
boundary map dr Fr Vr, and an involution jV-^r — ^ -^r, Jr = jV- 

We call a a tree ^'-labeled or an 5'-tree if there is a fixed isomorphism of the tails (one 
element orbits of j) and S. We will only consider trees at least three tails. A tree is called 
stable if the set of flags at each vertex is at least of cardinality 3: V^; e V{t)\Ft{v)\ > 3. 

If a tree r is unstable we deflne the stabilization of r to be the tree obtained from r by 
contracting one edge at each unstable vertex. There are just three possible conflgurations 
at a given unstable vertex and it is easily seen that the result of the stabilization is indeed 
stable and that the stabilization does not depend on the chosen edge. 

1.2.2. Keel's presentation. As was shown in [Ke], the cohomology ring of Mqs can 
be presented in terms of classes of boundary divisors as generators and quadratic relations 
as introduced by [Kc] . Thus we have a map 

[ ] : {stable S-trees} ^ H\Mqs) (1-11) 

The additive structure of this ring and the respective relations can then be naturally 
described in terms of stable trees (see [KM] and [KMK]). 

1.2.3. Operadic Correlation Functions. By identifying the index set n = (1, ... ,n} 
of ACFs or more generally any flnite set S with a set of markings of a -S'-tree, one can 
extend the notion of ACFs to operadic correlation functions. These are maps from H^^ 
which also depend on a choice of a stable 5'-tree r (cf. [KM]). 

Y{r) : H^^^ k (1.12) 

In fact under certain natural restrictions there exists a unique extension to trees for 
any system of ACFs {Fn} (cf. Lemma 8.4.1 of [KM]). 

1.2.4. Remcirk. Given a set of ACFs the correlation function of the above cited 
Lemma for a stable n-tree r is given by the formula 

Y{T)ida, ® • • • 9„J = ((g) y^J(9„, ® • • • 9„„ (8) A^l^-I). (1.13) 

veVr 

If fact due to the Coherence axiom (1.3) the operadic correlation functions only depend 
on the class of the tree [r] e H*(Mon): Y{t) = Y{[t]). 

1.2.5. Remark. To shorten the formulas, by abuse of notation, we will also denote the 
following function from H'^^^ to k by Y{t): 

(g)F^^=:r(T). (L14) 
Which function is meant will be clear from the index set of the arguments. 
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1.2.6. The diagonal of Mo„ x Mon- Denote the class of the diagonal in iJ"~^(Mo„ x 
Mon) by ^jYg^ and write it in terms of a tree basis: 

Amo.= E [^''^"^'^H (1-15) 

where g[a][T] = Jjj^ [o"] U [r] and Bn is some basis of H*{Mon)- Notice that 

= unless \E^\ + \Er\ = n - 3. (1.16) 
For explicit computations one can use the basis Bn presented in [K]. 

1.2.7. Tensor product for ACFs. The tensor product of two systems of ACFs {H^^\ 
A«, {yi'^}) and {H^^\ A^^\ {yP}) is the system of ACFs (i/W^i/^^)^ ^{1)^^(2) jy^D 
defined by 

>;.((7!'^®7P)®---®(7i'^®7f)) : = 

e(7«, j^'^W^ ® r{2))(A^^J((7« ® 7f )) ® . . . ® (7« ® 7(2))). (1.17) 
where for each summand 
(yd) ^ r(2))([r] ® [a])((7f ) 7f )) ® ■ ■ • ® (7(1) ® 7(2))) = 

^(2))y(i)(^)(^{i) ^ . . . ^ 7i'^)>^^'H^)(7f ® ■ ■ ■ ® 7i'^ (1-18) 

1.2.8. Definition. Given two formal Frobenius manifolds {H^-^\ g^^\ $'^^)) and {H^'^\ 
g{2) ^ $(^)), let {l^i^"*} and {Fi^"*} be the corresponding ACFs. The tensor product {H, g, $) 
o/(i/«,^W,$«) and (i7(2)^^(2)^$(2)) jg defined to be (ffW O Z/^^)^ ^(i) ^ ^(2)^ ^Yieie 
the potential $ is given by: 

*(^) = E ^(^^'^ ® >^^'^)(AmoJ(7^")- (1.19) 

n>3 

As in |1.1.3| , to make sense of ( |1.19|) one should expand 7 = J2^"'''"'"'^a'a" in terms of 
the tensor product basis {da'a" '■= d^^^ ^ dfu) of the two basis {•9^1''} and {d^^n} and the 
dual coordinates x"" " for this basis. 

Inserting the explicit basis Bn with its intersection form given in [K] allows to make 
( p..l9| ) explicit (cf. [K]). W In the case of quantum cohomology this provides the explicit 
Kiinneth formula. Here the tensor product of the potentials $^ and belonging to 
some smooth projective varieties V and W is the Gromov-Witten potential of ^^^'^ (cf 
[KM, KMK, K, B]). 

1.3. Frobenius manifolds. 

1.3.1. Definition. A Frobenius manifold M is a quadruple (M, Tj(^, g, $) of a (super)- 
manifold M, an affine fiat structure TJ{^, a compatible metric g and a potential function 
whose tensor of third derivatives defines an associative commutative multiplication o on 
each fiber of Tm- 

For the notion of supermanifolds and supergeometry in general we refer to the book 
[M2]. Below we will consider only manifolds in the analytic category. 
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1.3.2. Definition. A pointed Frobenius manifoldis a pair (M, mo) of a Frobenius man- 
ifold M and a point mo € M called the base-point. 

When considering flat coordinates in a neighborhood of the base-point tuq of a pointed 
Frobenius manifold, we require that the coordinates of mo are all zero. In other words, 
the base-point corresponds to a choice of a zero in flat coordinates. 

1.3.3. Euler field and Identity. Just as in the formal Frobenius manifold 
may carry two additional structures; an Euler field and an identity. They are defined 
analogously. 

1.3.4. Definition. An even vector field ii^ on a Frobenius manifold with a fiat metric 
g is called conformal of conformal weight D, for some constant D, if it satisfies Lie E{g) = 
Dg. A conformal field E is called Euler, if it additionally satisfies Lie£;(o) = doo for some 
constant do. 



1.3.5. From germs of pointed Frobenius manifolds to convergent formal Frobe- 
nius manifolds. Regarding a germ of a pointed Frobenius manifold (M, mo) over a field 
k of characteristic zero, choose a fiat basis of vector fields (da) and set H = ®akda and keep 
the metric g. Choose corresponding unique local fiat coordinates s.t. Va : a;"(mo) = 
as we demanded in 1.3.2 . A structure of a formal Frobenius manifold on {H,g) is then 
given by the expansion of the potential into a power series in local fiat coordinates (x'*) 
at mo. Up to quadratic terms we obtain: 

$^„(x) = 5^i J2 x^----x^^Yr{da,®---®da^) (1.20) 

n>3 ai,...,a„£{l,... ,n} 

where the functions Yn are defined via 

(1.21) 

obviously obeys the WDVV-equations. 
Furthermore, in the presence of an Euler field or a fiat identity writing E and e = do 
in fiat coordinates defines the same structures in the formal situation. 

We stress again that we are dealing with pointed Frobenius manifolds. Due to this a 
zero in fiat coordinates has been fixed and E and e are uniquely defined. 

On the other hand, the functions in (|1.21|) and E are dependent on the choice of the 
base-point. Choosing a different base-point mo with x-coordinates x'^(mo) = ^o 
domain of convergence of yields the new standard flat coordinates The 
corresponding functions Y transform via: 

Yf(d„ ® • • ■ ® 9,.,.) := d„ . . .aa,tk. = 9., . . .9..4™Us 



y- 



N>0 {bi,...,b,^y.bieA 



Af>0 {bi,...,br^):bieA 



:i.22) 



where e{b\a) is a shorthand notation for e{db, ■ ■ -dbj^lda, . . . da„) which we deflne as the 
superalgebra sign acquired by permuting d^^^, . . . , db^^ past the 9^^, . . . , da„- 

db,--- dbj^da, ■■■da„ = e{b\a) da, ■ ■ ■ da„db, ■■■db^. (1.23) 
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1.3.6. Notation. We denote the convergent formal Frobenius structure obtained from 
a pointed Frobenius manifold ((M, T/^, qm-, ^^^),p) with a choice of a basis (da) of T/^ by 



1.3.7. Prom convergent formal Frobenius manifolds to germs of pointed Frobe- 
nius manifolds. Starting with any formal Frobenius manifold {H, g) with a potential 
$, we can produce a germ of a manifold with a fiat structure by identifying the as 
coordinate functions around some point mo, choosing H as the space of fiat fields and 
considering g as the metric. To get a Frobenius manifold, however, we need that the 
formal potential $ has some nonempty domain of convergence. If 



with 7 = Y^x°'Aa is convergent, we can pass to a germ of a pointed Frobenius manifold. 
If necessary, we can, in this situation, even move the base-point as indicated above. 

2. The Tensor product for Euler fields, flat identities and germs of 



2.1. The tensor product for Euler fields and fiat identities. In this section, we ex- 
tend the operation of forming the tensor product to the additional structures of an Euler 
field and an identity. In order to achieve this, we first rewrite the quasi-homogeneity con- 
dition and the defining relation for an identity in terms of operadic correlation functions. 
To this end we introduce the morphisms vr*, vr* on trees. 

2.1.1. Forgetful morphisms and trees. The flat and proper morphisms tt^ : Mqs 
Mq^s\{s} which forget the point marked by s and stabilize if necessary induce the maps 

and it* on the Chow rings where we omitted the subscript s which we will always do, 
if there is no risk of confusion. 

We will now define the maps 7r^,,7r* on trees corresponding under [ ] to the respective 
maps in the Chow rings of Mqs- 
Define vr^, via 



{^kda,gM,<^^) 



(1.24) 




(1.25) 



n>3 



Frobenius manifolds 




forget the tail number s and stabilize, if the stabilization is necessary 
otherwise / 



(2.1) 



For any 5'-tree r and any s ^ S* set 

= the {S U {s})-tree obtained from r by adding an additional tail 
marked by s at the vertex v. 



(2.2) 



For the notion of stabilization of a tree cf. p..2.1| . 
Now we define: 




(2.3) 



Taking the definition of [ ] from [KM] it is a straightforward calculation using e.g. [Ke] 
to check that indeed [7r*(r)] = 7r*([r]) and [7r*(r)] = 7r*([r]). 



THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 9 

2.1.2. Quasi— homogeneity condition in terms of correlation functions. 

2.1.3. Lemma. In terms of the abstract correlation functions Yn the quasi-homogeneity 
condition is given by 

n 

a£A i=l 

= {do + D)Y^{da,®---®da„). (2.4) 

Proof. Applying the vector field E in the form { ^.7\ ) to ( |1.4D and making a coefficient 
check yields (2.4). 



2.1.4. Lemma. The correlation functions l \1.14\ ) obey the following relation. For a 

given n-tree t: 

5^(5^rf^„F(r)(( (g) df.)®da)+r^Y{n*{r)){{^df)®da)) 
aeA f&Fr f'eFr\{f} feFr 

= \Vr\{D + do)Y{T){0df). (2.5) 

Proof. Recall that by definition Y{7i*{t)) = Et,ev; ^(C"^^)- applying (2.4) at 
every vertex v of r, we obtain 

^5^rf^„r(r)(( (g) dj)0da) 

f&Pr a f'eFr\{f} 

= J2[{D + rfo)F(r)((g) df) -J2^''Y{r:+'){{(^df) ® 9J] 

V&Vr feFr aeA feFr 

= \Vr\iD + rfo)F(r)((g) 9;) - 5^r''F(7r*(r))(((g) df) ® 9„). 

/eF^ aeA feFr 

2.1.5. Proposition. For the operadic correlation functions {Y{t)} the quasi-homogeneity 
condition is equivalent to 



J2 da^aY{T){da, ® • • " ® ® ■ • • ® ® 4) " | | doY{T){da, ® " " " ® 4J 

+ J2 r''Y{7f*{r)){da, ^■■■®da„®da) = {do + D)Y{T){da, ® ■ ■ ■ ® daj. (2.7) 



2=1 aeA 



aeA 
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Proof. Writing out the Casimir elements A = ^ dpQ^^dq and applying Lemma |2.1.4 
yields: 

n 

^^<„r(r)(4i ® ■ ■ ■ ® C ® ■ ■ ■ ® ® 5a) + \Er\DY{T){da, ® " " " ® 4 J 

n 



2=1 aeA 
n 



i=l a£A 



\Er\ 



+ \E^\D Yl (® ® • ■ ■ ® 9„„ ® (S)idp,9'^'' ® d,J) 

(Pl.---P|_B^|)Pi6A veVr i = l 

n \Er\ 

(pi.---P|B^|)PieA i=l aeA j=l 
(9i,---'j|B^|)?ie^ 

+ E E ^^'-»(® ® ■ ■ • ® ® (g) (9,^^?''^''^ ® ® ® 9a) 

i=l aeA veVr j=ijy« 

1^,1 IS, I 

+ E E ^P.-((8) ® • ■ ■ ® 5a„ ® (g) {dpS'-'' ® ® ® ^a)] 

j=i aeA ijeVr «=i,«^i 

= + 1)P + cio)>^(r)(aa, ® ■ ■ ■ ® 9aJ 

- 5^r''F(7r*(r))(9a, ® ■ ■ ■ ® 9a„ ® 9a). (2.8) 

aeA 

The equality (*) holds due to ( |1.8| ). Rewriting (2.8), we obtain (2.7). Vice versa 
postulating (2.7), we see that it reduces to (2.4) for the one-vertex tree (p„). 

2.1.6. The identity in terms of correlation functions. As previously remarked, 
we will assume that the identity is a flat vector field e = do. As the semi-simplicity of E 
this restriction is satisfied in the case of quantum cohomology. 

2.1.7. Remark. From Corollary 2.1.1 of [Ml], we have that 

Y3{da, db, do) = gab and Yn{da, ® • ■ ■ ® da„_, ®do) = Vn > 3 (2.9) 
are equivalent to the fact that do is a fiat identity. 
In terms of operadic ACFs one obtains: 

2.1.8. Proposition. For a flat identity e = do and for any stable n-tree r with n > 3 

Y{T){da, ® ■ ■ ■ ® da^_, ® do) = r(7r,(r))(9a, ® ■ ■ ■ ® da„_,). (2.10) 



Proof. From ( |2.9| ) we know that F(r)(9a^ ® ■ ■ ■ ® 9a„-i ® ^^o) = 0, if the valence of the 
vertex vo with the tail marked with n is greater than three or, in other words, if the vertex 
remains stable after forgetting the tail n. Assume now that the vertex has valence three. 
Noticing that for a fiat identity Y^^da, db, do) = gab the result follows by direct calculation. 
There are two cases: either vo has two tails marked n and i for some i and is joined to 
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one other vertex v' by the edge e or vq just has one tail and is joined to two other vertices 
by the edges ei and 62- In the first case we get 

= ( (g) ( (g) r^.(.))®lF4.o)) 
vdVrMvo} feFriv) 

= E( (8) ( (8) ^^^c'))) 

= ( (g) ((g) >F.(.)))(9.,®---®c?„„_,®A«l^^l-i) 

= r(7r,(r))(9,,®---®9,„_J 
hkewise in the second case 

F(r)(9,, ®ao®A^I^^I) 

= ( (g) ( (g) 1f.(.))®1f.m) 

{da,®---® da„_, ® A^l^-I-' ® Ae, ® Ae^ ® Oq) 

= E( ( (8) ^^^(^))) 

= ( (g) ( (g) >F.(.)))(9.,®---®9,„_,®A«l^^l-i) 
= r(7r,(r))(9,, 

2.1.9. Remark. In the setting of operads and higher order multiplications ([G, GK]), 
the formulas ( |2.9| ) for a fiat identity e = do correspond to the statements that e is an 
identity for 02 and acts as a zero for all higher multiplications o„,n > 3. The contents 
of Proposition p.l.8| is the extension of these properties to any concatenation of these 



multiplications. 

After these preparations, we come to the main result of this section: 

2.1.10. Theorem. Given two formal Frobenius manifolds (H^^\ g^^\^^^^) and 
(i7(2)^^(2)^$(2)) With Euler fields 

E(i)= J2 J2 ^^'^"'^i'^ of weight D^'^ and 

a'b'eAW a'eAW (2-11) 

E^'^= E d%J'^'^"dlJ)+ J2 ^^'^""^1" of weight D^'^ (2.12) 

a"6"eA(2) a"eyl(2) 

and with flat identities e*^^-*, e*^^^ of the same weight d^^^ = d'^^ = d, then 

e = e(i) ® e(2) = dj^^ ® Sj'^ = doo (2.13) 
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and 

+ E ^^'^'^'^^'0+ E ^^'^'^"^0'^" (2.14) 

a'GA{l) a"GA(2) 

define a flat identity of weight d and an Euler field of weight D^^^ + D^"^^ — 2d on the 
tensor product iH,g,<l>) o/ c/«, $«) and {H^^\g^^\<^'-^^). 

Before we can prove the above theorem, we need one more Lemma about the properties 
of the diagonal class Ajg^^ . 

2.1.11. Lemma. 

K7r,)(A^^J = (7r*,zrf)(A^„_J (2.15) 

and 

(7r„7r,)(A^„J = 0. (2.16) 



Proof. Consider two any strata classes Dr E A*{MQn), Da E y4*(Mo„_i). Using the 
projection formula twice, we obtain 



MonXMon 

(D,KZ},)U(zd,7r,)Ajg^^ 



A/On- 



AfonXMo„ 



Mo„-lXA/on_l 

{D^mD^)U{n*,td)Ajj^^^ 

Mo„xAfo„-i 



Since the intersection pairing is non-degenerate and the classes Dr^Dcr generate A*{Mon-i x 
Mon), the formula ( p. 151) follows. Using the same type of argument for 



)A- 



Mon 



n — 1 

7r*{Dr)UTT*{D^ 



n*,n*){Dr^D^)UAjj^^ 

n*{DrUD„) = 



where the last zero is due to dimensional reasons, we obtain the second claim (p.l6|) . 
Proof of the Theorem. 



As in |1.2.8| , we choose the coordinates x"" " corresponding to the basis da' ® da" ■ The 
metric for the tensor product is given by 

9a'b',a"b" ■= 9{da' ® <9a", Ob' ® Ob") = g^^\d a' , dy) g^'^\d a" , dy) = 9a\'9fh"- 

(2.17) 
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Euler field. 

First we check that E is conformal of weight D^^^ + D^'^^ — 2d. On the basis of flat 
vector fields we calculate: 

g{[da'a", E],db'b") + g{da'a", [db'b", E]) 

~ 2^ ^a'c'^c'V^a"h" ^ 2-^ ^ a" c"'d dV'd c'lh" ^ /-^ diJ a' d>i a"h" ^ 2-^ ^h" d'^ a'ViJ a" d' 
d c" c' c" 

= (D^i) _2rf)^^,„„ ,,,„. (2.18) 

We will prove the fact that E is indeed an Euler field by verifying the quasi-homogeneity 
condition ( |1.10D . 

Set D = + - 2c/ and 7 = ^ ® d^j): 



n>3 



n>3 



n! 



1 " 
n>3 ■ a'eA(l) i=l 

11 1 Z tL tl 1 

H- E E4-(^'">®^'''')(^«.J 

^ ^ a-^ ""1 i i fi- i u- ' 

-nd{Y^'^ ® Y^'^){/\-,J{{d^) ^d^})^---® ® all )) 

^ ^ "l "l ""n 



n>3 



'ga(2) 



n>3 



^ ,(2K'(y(i) ^ y(2))(^^^^ ,r*)(A^„J)(7^" ® d^}) 

"GA(2) 



(2.19) 



1.2.(: and apply Proposition 2.1.5 to both 



To obtain (*) write A^g^^ = EH^'^'^'"'® M as in 
tensor factors of each summand. Furthermore, notice that the [r], [a] are homogeneous 
and c/MM = unless \E^\ + \Er\=n-3 ([LT6D . 
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On the other hand, applying Proposition |2.1.8| , we obtain up to quadratic terms 



a"gyl(2) 

+ 5^ (r«®r(2))(7r„^ci)(AoM„,J(7^"®9l?;)) (2.20) 

a"eA{2) 

Applying the formula ( |2.15| ), we see that the sum of (2.19) and (2.20) is just the the 
quasi-homogeneity condition for E and therefore E is an Euler field. 
Identity. 

The proposed identity Sq^"* ® d^^^ is a flat fleld by deflnition. Furthermore, 

ri'^(aiP ® ® di,''>)Y}'\dS} ® aj,'; ® ) = ^7,,,, (2.21) 
and for n > 3 by Proposition p.l.8| and ( p.l6| ) 

Yniidlp 0d';^})0---0idlp ®df^ )®(ai'^®aj'))) 

= (r(^) ® r(2))((7r„ vr.)A^.J((a« ® ag)) ® ■ • • ® (aW ® al?; )) 

= (2.22) 

which proves that d^^ ® d^^ is indeed an identity by Remark |2.1.7| . The weight of this 
identity can be read off the Euler fleld as d + d — d = d, proving the theorem. 

2.1.12. Remarks. The condition that the weights of the identities are equal can be 
met by a rescaling of the Euler flelds as long as not only one of the weights is 0. In the 
following, we will always assume this when considering the tensor product. 

Since, given a metric and the multiplication on the flbers of a Frobenius manifold, 
the identity is uniquely determined — cf .[Ml] — , the above identity is the only identity 
compatible with the choice of the tensor metric ( |2.17| ). 

The theorem, however, contains no such uniqueness property for the Euler fleld, but 
there are several reasons for the choice of this particular type of Euler fleld. If the 
E'l-part is regarded as providing the operator V of ( p..9| ), then our choice of Ei for the 
tensor product is equivalent up to the shift by d which is necessary to accommodate 
the dependence of the tensor product on the diagonal in if*(Mo„ x Mon) to the natural 
deflnition: 

V := V^^) ® id + id ® V(^\ (2.23) 

As remarked in [Ml], if the action of ad(£') is semi-simple on H, there is a natural 
grading of H induced by the action of ad(-E'), shifted by do- This grading basically flxes 
the El component. In the setting of quantum cohomology, this grading is just (half) 
the usual grading for the cohomology groups. The additivity is just the fact that under 
the Kiinneth formula the total degree of a class is the sum of the degrees of the two 
components. The natural grading on the space of H^^^ ® H^'^^ is consequently given by 



THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 



15 



the grading operator a,d{E^^^ C?> id + id ® -E*^^^) shifted by d, so that the tensor product of 
d^a^ and d^^^ of degrees 6^^^ and 6^^} is of degree + d + 6^J} + d — d. Recalhng that da 
was the eigenvalue of — ad(-E'), we obtain da' a" = d^^^ + d^^} — d. 

In the physical realm of topological field theories [DVV], the above argument for the 
choice of Ei just reflects the additivity of a U{1) charge. 

The choice for Eo is motivated by quantum cohomology where the i^o^part corresponds 
to the canonical class. Thus, the definition of Eq = E^'^ ® + d^^^ E^^ corresponds 
to the formula Kxxy = Kx ® 1 + 1 ® Ky- More generally, it corresponds to the map 
H*{V) X H*{W) ^ H*(y X W) : {v,w) — » pr*(f) + pr^^w) which generally reflects the 
structure of the tensor product of Frobenius manifolds in the presence of fiat identities, 
see Section below. 



Furthermore, in view of (2.19) and Lemma Eq seems to be the only possible 

choice, if one postulates ( p.23| ). 



2.2. The tensor product for two germs of pointed Frobenius manifolds. Due 

to the following main Theorem of this section, we can define the tensor product in the 
category of pointed germs of Frobenius manifolds. 

2.2.1. Theorem. The tensor product potential of two convergent potentials is conver- 
gent. 

2.2.2. Definition. Given two germs of pointed Frobenius manifolds (WL^^^m^Q^) and 
(M(2),m{,^^), let (if(i),5((i),$(i)) and (iJ^^)^ ^(2)^ ,|,(2)) ^^le associated formal Frobenius 
manifolds. We define the tensor product (M,mo) of (M^^-', mg^'') and (M'^^-', mp^'*) to be 
the associated germ of a pointed Frobenius manifold. 

We will now prove the main Theorem of this section in several steps starting with 
invertible 1-dimensional CohFTs and proceeding to full generality. In the course of the 
proof, we will utilize a Theorem on complex series cited below for convenience (cf. e.g. 
Grauert, Einfiihrung in die Funktionentheorie mehrerer Veranderlicher, Satz 1.1). 

2.2.3. Theorem. Let zi e&:= {z = {zi, . . . , ^n) e C" | ^ 0; 1 < A; < ra}. // the 
power series Yl^=o'^i^'^^ converges at zi, then the series is uniformly convergent inside 
the polycylinder P^^ := {z G C" | \zk\ < \z^^\}. 

2.2.4. Invertible rank one CohFTs. For invertible rank one CohFTs (i.e. C3 7^ 0) 
we have the following property: 

2.2.5. Theorem (3.4.2 of [KMZ]). Define the bijections 

3 

CohFTi(A;) < — > — + k\\x]] < — > l + rikM], (2.24) 
6 

where the first map assigns to a theory A its potential (^i^d the second map is defined 

by 

POO 

^x) ^ U{r]) = / e-*"(''^)/'' dx (2.25) 
Jo 

or alternatively by assigning to $(x) = + . . . the power series Uirf) = -Bn^"" 

where x = (n+iv. — U ~^ ' ' ' ^■^ inverse power series of y = $*^^)(x) = x + ■ ■ ■ . 
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Then the tensor product of 1 -dimensional CohFTs corresponds to multiplication in 1 + 
rik[[ri]] : t^^(i)0^(2) (r/) = Uji^{i){rj) U^(2){ri). The coefficients o/— log [74(77) are the canonical 
coordinates of A . 

2.2.6. Explicit formulas. The above theorem can be used to give explicit formulas 
for the coefficients of U{ri) in terms of the coefficients of see [KMZ] section 3.5. The 
explicit law for the tensor product of two normalized invertible CohFTs in terms of the 
coefficients of their potential functions can be derived by combining these formulas with 
the identity f/4(i)0^(2) (77) = U^w{v) Uj^(2){r]): 

c, = + scl^'cf ) + , 

C, = C« + (8 + C«) ) + C« (8 C?' + cP) + , 

Cr = C« + (35 C« C« + 14 C«) + (61 + 33 dfc^ + 

33 ) + 19 C« ) + (35 ^ + 14 ) + ^ , ... 



2.2.7. Proposition. The tensor product potential of two convergent invertible rank one 
CohFTs is a convergent invertible rank one CohFT. 

Proof. First assume that c'^'' = C^^ = 1. 



As in Theorem p.2.5| write the inverse power series of the second derivatives of the 
potentials 

These series are convergent, if the respective potentials are and so is the product of their 
positive counterparts l^'*^-'^^! := J2 }§^y^~^^ ^^^1 := Yl (^+1)1 Z/""^^ as well as its 



derivative: 



a.... „„ ^An+l |i?,<"H'=' 



$:=£(i*wii*f^>i)=5:5: 



dv ^ ^ z + 1 z!(n + 1 — i)! 

y n>0 i=0 ^ ^ 

By [KMZ] (see Theorem p.2.5| above) we have the following expansion for the inverse 
of the second derivative of the tensor potential ^: 

n>0 i=0 ^ '' 

This series is dominated by \E' at any point inside the domain of convergence of \Ef, since 

> 1, for < 2 < n, 

i + 1 V * / 

and thus 

" r(1) r(2) n I p(l) p(2) I ^ , 1 I r{1) r(2) | 

(n + 1)!'-^ (n + 1)! ^ i + 1 i!(n + 1 - i)! 
proving the convergence of the tensor product potential if C^^ = C^^ = 1. 
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In case that C3 and/or C3 are not equal to one, but not equal to zero, we can scale 
d^^^ and S*-^-* in such a way that they are one. Notice the following scaling behavior for 
potentials of one-dimensional theories 

^xd{x) = $a(Ax) = ^d{x), 

where the subscript d refers to the chosen basis vector of the theory and ^g{x) is the 
potential for the scaled theory = X''Ci,i > 3 which is convergent, if $ is. 
Furthermore, for the tensor product potential of two such theories: 

Choosing the appropriate scalings the right hand side is the tensor product of two 
convergent potentials with C^^^ =C^^^ =1 which converges by the first argument. It follows 
that ^^Q(2) also converges, proving the proposition. 

2.2.8. The case of general rank one CohFTs. In the previous section, we used the 
fact that we have a good handle on the tensor product potential in the case that the two 
rank one theories are invertible. We will show below that one can basically use the same 
formula even if the theories in question are not-necessarily invertible. 

Denote by C„ the coefficients of the tensor product potential of two rank one CohFTs. 

For a monomial p = const, x Cj^ . . . Cj^ define the degree deg{p) := ii + ■ ■ ■ + in and 
the length length{p) := n 

2.2.9. Lemma. In the notation of the previous section 

Cn = ® Y('\Aon){dn = Pn{Ct\ . . . , , . . . , ) (2.27) 

where Pn{C^\ ■ ■ ■ , Cn \ Cf\ . . . , Cn'^) is a universal polynomial. Furthermore, 

Pn = Y^ monomials Pn\kW,k(^)),^ni),i(2yj in the Cf \ Cf ^ (2.28) 

wi/i i)idec/(pJ^'^(^(i)^^(2)^_(^(i)_^(2)P = {k^^\k^^^) , Ulength{p^^^^^^^)^^^^^^^^^^^)^^^^)^) = and 
the bi-degrees and bi-lengths satisfy: 

k^'^ - 2/(1) = _ 2/(2) =n-2 and /(^^ + /(2) =n-l. (2.29) 



Proof. Just express Y^^'' Y^^\Aon) {d®"") as a sum over trees The restric- 

tion then follows from the observation that bideg{p) is (|F^(i)|, |-Ft-(2)|) and bilength{p) is 
(1 1^(1) I, |V^(2)|). Finally, notice that I-Et-ci)] + |-E't-(2)| =n — 3. 

2.2.10. Lemma. For a fixed n there is a unique way of extending a monomial p^^^ 

in Cl^\Cj^^;A < i,j < n of given bi-degree (k^^\k^'^'^) and bi-length (/(i\/(2)) into a 

monomial p"- in the C^^\Cj^^;3 < i,j < n, s.t. the bi-degree and bi-length of p^ satisfy 

the equations ( ^.291 ) and coincides with p":^^ for C^^ = Cf^ = 1. 

Proof. The monomials must be of the form = Pred^i^^^^^^'' ^^d using the restric- 
tions ( |2.29| ) we find: 

i = n-2- A;(i) + 21^^^ and j =n-2- k^'^'^ + 2/(2). (2.30) 
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2.2.11. Corollary. The universal polynomials Pn are given by the unique polynomials 
extending the C„ =: given in [KMZ]. 

2.2.12. Proposition. The tensor product of two convergent rank one CohFTs is again 
convergent. 

Proof. Given the potentials and we assume after scaling that C^^\C^^ G 

{0,1}. Denote by the potential with Q^^^^^^^^ = 1 and c/^^^^^^ = C^^^^^^\i > 4. 

These potentials are both convergent and invertible. Using the proposition for convergent 
and invertible potentials, we obtain that their tensor potential $ is convergent. Now, due 
to the Corollary |2.2.11| there is a unique power series $ e C[[Ci^\d^\x]] extending $, 
s.t. = $ and the conditions ( |2.29| ) are satisfied. 

First, assume that only one of the potentials is not invertible say C^^^ = l,C^^ = 0. 
Regarding the power series ^lijW^^ =: $i G C[[C3^'*, x]], notice that $i converges at all 

points (1, xq) with xq inside the domain of convergence of $ and is therefore — again by 
Theorem p.2.3| — convergent at points (0,Xo). However, $i|p{2)^g = $ and thus $ is also 
convergent. 

In case that both C^^^ = and C^^ = 0, we see that c'^'=i ~ ^ ^^"^ ^ converges 

at all points (1, l,a:;o) with xq inside the domain of convergence of Therefore — again 
by Theorem |2.2.3| — it is also convergent at points (0,0, xq). Now, $|^(i)^p(2)^g = $ and 
we again obtain that $ is convergent. 



2.2.13. Proposition. In case that both potentials are non-invertible, i.e. C'>P = C^^ 



0, we even have that $L(i)_^(2)_„ = $ = 0. 



Proof. By Lemma |2.2.10| , all summands of $ are of the form = 
with pred of given bi-length and bi-degree {k^^\k^'^^) and i,j given by ( p.30| ). 

Furthermore from the last equation in (|2.29| ) we obtain l^^^ + l^'^^ = n — 1 — {i + j) . Thus, 
using the inequalities 

A;«>4/« A;(2)>4/(2) 

we find: 

= 2n - 4 - + fc^^)) + 2(/W + Z^^)) - (i + j) < -2 + (z + j). 
So that {i+j)>2 and all vanish for ^ = = 0. 

2.2.14. The higher dimensional case. Given two formal Frobenius manifolds {V^^\ 
gW^ $(1)) and iV^'^\ g^^\ $(^)) with convergent potentials and denote the 

corresponding ACFs by Y^^^ and Y^'^\ 

Let (V, g, $) be the tensor product formal Frobenius manifold. Choosing a basis 
resp. G B for r« resp. V'^'^\ the tensor potential in the tensor 

basis dab '■= ® df^ takes the form 



oo 

n=3 (ax,...,a„) (2.31) 
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2.2.15. Pure even case. In the pure even case, we can consider the points ydiag whose 

coordinates are given by Xab = y, y ^ 'C constant Va G A and b E B. The potential at 
these points reads 

$ = ^ ® Y^^\Aon){{d^^^ ® d^^Yl (2-32) 

n=3 

with 

dW := and d^'^ := J^Sf . (2.33) 



a£A beB 



2.2.16. Proposition. The potential of two convergent pure even CohFTs is convergent. 
Proof. First scale the chosen basis in such a way that l^f^^l < 1. Now, consider the 
series 

OO _ 

V Vl^^'^ ® ^^'^(^0n)((9« ® 9(2))^")|. 



ra=3 



Due to the condition \g"-^\ < 1, this series is dominated by the tensor potential for two 
rank one CohFTs given by the coordinates: 

C« := |F«(5«^")|, := |Fp)(5(2)0n)|_ (2.34) 

Since the two given potentials and are convergent, so are their restrictions to 
the line x^a^ = y resp. x^^"* = ?/ as power series in C[[?/]]. Thus they are also absolutely 
convergent and the positive counterparts of these restrictions are just the rank one CohFT 
given by the coordinates ( 2.34| ). The potential of the tensor product of two convergent 



CohFTs of rank one is convergent by Proposition p.2.12| . Therefore, we have convergence 
of the tensor potential $ of ^^^^ and at some points ydiag-, by the remarks above. Using 
the theorem on complex series |2.2.3| , we find that the potential $ is indeed convergent. 

2.2.17. The general case. Consider the underlying Z2 graded space of the theory 
V = Vq®Vi with a basis {da^ | i G Jo) of Vq and {dai \ i E h) for some subsets Jq, h of 
a set / = Jo n Ji with an order <. Again chose the basis in such a way that \g'^'^\ < 1. 
Denote the dual coordinates of Vq hj {xi \ i E Jq) and those of Vi by (?/j | i G /i). 

The potential can now be written as 

^ = Y1 Yl yan---ya,^a„...,an (2-35) 

$ai,...,a„ := ^ Xb^--- Xb^Yn+ynida-, ® " " " ® (9„„ ® (9f,, ® • • ■ ® Sfe^ ) 

(6™,-6i)e/,r (2.36) 



m 



The potential $ is by definition convergent, if all the 
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2.2.18. Proposition. // $ is the tensor product of two convergent series $ and 
then all the $ai6i,...,a„6„ with {ai,bi) G /i are convergent with the usual notation for the 
variables and index sets for tensor products. 

Proof. Consider the following auxiliary pure even series in the even variables Xij | i E 

^ = Y. ^_Xa„K---Xa^bAYn{da,b,®---^da„K)\ (2-37) 

" {ai,...,a„)e/(l)X" 
{6l,...,6„)G/(2)X" 

To prove convergence we again look at points Xi = y with y ^ 0. In the tensor case, 
i.e. Yn = Y^^^ (g) F'^^)(Aon) this series is dominated by the tensor product potential of the 
following two one-dimensional series: 



^^'^ = E ^y'^Cn^ = (2.38) 

n 

v^(2) = ^ ci^) = d^^'')\ (2.39) 



n 



where J*^^^ and /'■^^ are the index sets of the two original theories and Notice 
that the Z2-grading and the order of the 9^- is irrelevant, since we take the absolute values 
of the correlators. Because the series '^'^^^ and \E'^^'' are convergent, by the assumption 
of convergence of ^"-^^ and their tensor product potential converges by Proposition 
|2.2.12| . Therefore, ^ converges as well. 
Finally notice that 
d d I 

— r Y] Xc^drr, ■ ■ ■ Xc^dAYn+m{da^b^ ® • • ■ ® 9a„6„ ® dc^d^ ® " " " ® 9, 



r d , 

(2.40) 



and these functions again converge for some points ydiag with Xij{ydiag) = y \ {hi) £ -^o- 
This shows that $aibi,...,a„6„ is absolutely convergent at some points on ydiag of the above 
type and thus the proposition follows by Theorem p. 2. 3 . 



Collecting all results, we arrive at the general Theorem y,.2.\\ 

3. The tensor product for Frobenius manifolds 
In this section we will only deal with analytic Frobenius manifolds. 

3.1. The exterior product of two Frobenius manifolds. Given two Frobenius man- 
ifolds M(^),M(2) we can consider the vector bundle T^jd) M Tm(2) on M^^) x M^^) which 
we call the exterior product bundle. Since we have an affine fiat structure on both M and 
N, we also have such a structure on M^^^ x M^'^^ given by T^j(i) ^^^(2) on r4^(i)xM(2)- In 
addition we have an affine flat structure on Tm K1 Tat in the sense that 

^i(i) ® ® ^Af(i)xM(2) = K T,,,2, (3.1) 
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3.2. The tensor product relative to a pair of base— points. 



3.2.1. Reminder. As explained in section |1.3.5| given any pointed Frobenius manifold 
(M.,p) there is an associated convergent formal Frobenius manifold {Tp,g,^p) given by 
the expansion of the potential $ of M at p in terms of the coordinates (xj) of a chosen 
basis of flat vector flelds {Xi). 

3.2.2. The tensor product of Frobenius manifolds relative to a pair of base- 
points. Using the notion tensor product for formal Frobenius manifolds in the context 
of pointed Frobenius manifolds, we arrive at the following construction: 

Given a pair of points (p, q) in the product M^^^ x M*^^^ there is an associated convergent 
series <I>pq := ^^'^^ ® ^^'^^ in the dual coordinates of T^^j^ii) ® T^^Mi.^), which deflnes a 



Frobenius manifold structure on the domain of convergence of (cf section |1.3.7| ). We 
will denote the resulting pointed Frobenius manifold by: 

(Tp,,,a)®T^,Af(2),0). (3.2) 

Its germ corresponds to the convergent formal Frobenius structure 

(0C9,®9,,^7^,a) ® <l>f (3.3) 



3.3. Frobenius structures on the afRne exterior bundle. In the construction of the 
previous section we have deflned over each point (p, q) E M^^^ x M^^^ a pointed Frobenius 
manifold on a neighborhood Vpg the zero section s of the flber of the exterior product 
bundle. Let V be the union of all the 




M(i) X M(2) 



3.3.1. Definition. A bundle will be called a bundle of pointed Frobenius manifolds if 
there exists a neighborhood V of the zero section s.t. the intersection of each flber with 
this neighborhood is a Frobenius manifold. Let Vp is the intersection of V with the flber 
at p then it is naturally a pointed Frobenius manifold with base-point zero. 

3.3.2. Examples. 

1) By the previous remarks, the exterior product bundle is actually a bundle of pointed 
Frobenius manifolds. 

2) Every tangent bundle of a Frobenius manifold is naturally a bundle of pointed Frobe- 
nius manifolds. This can be shown in two equivalent ways. Either one uses the 
pointed Frobenius manifold ($,p) to deflne a potential near zero on the flber over p 
or one uses the afline connection associated to the flat structure connection of the 
Frobenius manifold to deflne on each flber Tp^N the potential ^p(0 := ^{p') where p 
is the development of a path joining p' and ^ G Tp^^ is the point of the development 
into the flber at p of the point p'. The latter construction is deflned locally since the 
local holonomy groups vanish, due to the flatness of the connection. 
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3.3.3. Definition. A flat afRne connection on an exterior product bundle over the 
Cartesian product of two Frobenius manifolds M*^^) and M*^^) which is an extension of the 
linear connection defined by the canonical flat structure is called tensor product connec- 
tion if it respects the flat and the Frobenius structures, i.e. it satisfies the following two 
conditions: 

i) Let 9t- : Tjy,/(i) ffl 7^/(2) ~^ ^a/(i) ^ ^m(2) be the map corresponding to the tensorial 
{GLn ® GLmjC"''^) 1-form defined by the affine connection (cf. e.g. [KN]) then 6r 
induces a linear map 

■ ^i(2) - ^i(i) ^ Tim (3-4) 

ii) The parallel displacement w.r.t. the affine tensor projection preserves the germs of 
Frobenius manifolds. I.e. for all local horizontal lifts Xt a of curve Xt in M^^-* x M^^-* 
with xq = {p, q) and Xq = G Ta/(i) M Tjy.j(2) into V C T^(i) K T]^{2), where is 
the zero section of the corresponding vector bundle: 

(Tjv/(i) K Tm{2) |(p_g), Xq) = (r^.^(i) K Tm{2) \xt,xt) Vxt e V. (3.5) 

3.3.4. Remark. Since the linear connection is flat and torsion free, such a tensor prod- 
uct connection locally identifies the germs of Frobenius manifolds in different fibers of the 
bundle of pointed Frobenius manifolds via affine parallel displacement along arbitrary 
path connecting the base-points. 

3.3.5. Proposition. If the Frobenius manifolds l^^^'' andM'-^-* both carry fiat identities 
then the affine connection defined by the 1-forms: 

is a tensor product connection. Here again {d!i\dl^^) is the restriction of a chosen basis 

ofTl^^i^ ffl T^^(2) and {dab = d^a\®dl^^) the tensor basis ofT[^^^^ K T(^^^^ 

Proof. It is clear that the locally defined forms glue together and that the condition i) 
is met. The proof of the condition ii) is given below by calculating the respective ACFs. 
We give the proof including odd coordinates. 

3.3.6. Lemma. Let {Y.^} be the ACFs corresponding to $p and {Y^'} be the ACFs 
corresponding to $p where p' is some point which lies inside the domain of convergence 
of the potential $p. Let x°'{p') =: Xq be the x-coordinates of this point. The new operadic 



■ ■ Xq 



ACFs are then given by, see (1 
For any stable n-tree t: 



y r \ I i\i t, \ .1 , ...I 

Af>0 (fei,...,fejv):feiGA 



>^"(^{n+l,...,n+7V}(^))(5a. ® ' ' ' ® ® d,, ® ■ ■ ■ ® d,,). (3.6) 



Proof. Inserting (1.22) into the definition of Y{t) ( |1.13 ), we see that the correlation 
functions having a pre-factor those belonging to trees with N — n tails 

added in an arbitrary fashion to r. The sum over all of these trees is just i^'^n+i n+N}i'^)^ 
whence the Lemma follows. 
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In order to prove the Proposition, we also need a Lemma about the diagonal Ajg^^ 
which extends Lemma |2.1.11| . 

3.3.7. Lemma. For any two disjoint subsets S,T G {1, . . . ,n} 

(^5,7^t)(Am„^,,...,„j^(Sut)) = K*,7r5.)(Ajg^J. (3.7) 

Proof. Writing (vrj,7r^) as {7Cg,id) o (irf, vr^), we obtain, after repeated application of 



Lemma in an appropriate version, that 

(n 



Since vr^ and ttt commute if T fl S* = 0, we can prove the equality (p.7|) again by Lemma 



2.1.11 



Proof of the Proposition |3.3.5 



For any point {p, q) G M^^^ x M^^^ denote the domain of convergence of $5,^^ by f/p and 
the domain of convergence of $q by Uq and set ?/(p,g) = Up x Uq. 

Choose a point {p',q') G f/(p,g). Let p' have the coordinates x^^,\p') = x^q ^"" and q' the 
coordinates a;[?? (g') = Xq^'"' . 

Denote the ACFs corresponding to by {Y^} and denote the ACFs corresponding 

to $*f*^' by {F^ }. Likewise denote the ACFs corresponding to ^^^^^^ by {Y^} and denote 
the ACFs for the expansion ^^^^^ by {Y^'}. 

The correlation functions of the formal tensor product potential $pg are be given by 
{YP1 = ® Yi{Aj^^J}. The ACFs of the potential %>q' will be denoted {F/'?'}. 
Finally let Or{{p',q')) be the image of the affine development w.r.t. of G T(^p',q') into 
TmW,p ® ^Af(2),g and suppose that dr{{p', q')) G Vpq. 

Denote the ACFs corresponding to the expansion of the holomorphic function given by 
%q at e,{{p\q'))hj 

Since Or is linear, the point 9r{{p', q')) G 7a^(i) p ® T^j{2)^q has the coordinates 

Xa'b"{OT{{p',q'))) = Sa'oX^Q^" +6ob"X^Q^^ . 

The equation ( |3.5| ) in terms of these correlation functions reads: 

Y^riiP^i')) = ypV > 3. (3.8) 

Now: 

n"-'"' ''"aw®- -sax;) 



mE E (^^ema'a")e{Ob"\a'a")x^^ 
(fe'/,...,fe^_,)|fe"eA" 

(Ff ® r«) (Ajg^ ^+ J (^aia'Z ® " " " ® 5„;^a^ ® ^fc'^o ® • • • ^feJO ® ^06'/ ® " " " ® ^Ob; 
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1 ^ fN\ 



Ar>0 «=o (fe'^,...,6;)|6'eA' 
{b'i,...M^_^)\b"eA 



J2)b''{l)b[ Jl)b[ 







(<9aia'/ ® ■ ■ ■ ® da'^a'J, ® <9b'^ ® • • • (g) (g) ■ ■ ■ O (3.10) 



due to Proposition |2.1.^ . 



On the other hand, tensoring the ACFs {5^^ } and {5^^ } and then utihzing Lemma 
3.3.6| yields: 



N 



EE E NUN -IV <m<b'y')eiby')ema') 

N>0 1=0 {b[,...,b[)\b'eA' ^' 

(fe'/,...,fe^_,)|fe"eA" 



X Xq ■■■Xq Xq ■■■Xq {Y Q9 Y ){{^{n+l,...,n+l}^^{n+l+l,...,n+N}){^Mo,N+nf ) 

{da'^a'l ®---® da'^yj^ ® 9^ (g) . . . (9fej (g dy^ (g ■ ■ ■ (g (3.11) 

Applying Lemma |3.3.7| with S = {n = 1, . . . ,n + 1},T = {n + I + 1, . . . ,n + N}, we see 
that (3.10) and (3.11) and thus the multiplications, respectively the potentials modulo 
quadratic terms, coincide. 

3.3.8. Remark. One should view the existence of a tensor product connection as an 
expression of the independence of the choice of base-points for the operation of forming 
the tensor product of pointed germs of Frobenius manifolds. More precisely, consider two 
germs of pointed Frobenius manifolds realized as two small neighborhoods of zero on C"' 
where are the appropriate dimensions. In this case, the pointed tensor product is just 
the germ on the fiber of the exterior product bundle over zero which we can again realize as 
some small open neighborhood of zero. This neighborhood then contains all nearby germs 
(e.g. the germs of tensor product with base-points near zero) via the affine connection. 
Hence all continuations of the initial germ over zero will likewise be continuations of these 
germs. 

3.4. The tensor product for Frobenius manifolds. In this section we will give a way 
to patch together all germs on the exterior product bundle. More precisely, we will con- 
struct a Frobenius manifold which contains a submanifold parameterizing all these germs. 
In order to give a general construction we will need the following technical assumption. 

3.4.1. Definition. A flat identity on Frobenius manifold M is called factorizable if 
M = M X C, where the factor C is coordinatized by the identity. 
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3.4.2. Definition. Consider a commutative diagram of tlie type 

e 



M(2) 




(3.12) 



where (M^, T^^,,, ^^^a,, $^^'^'), {M(^\tI^,,„ g^j,,,,<^^''') and (iV, ^7^, <l>^) are Frobe- 

nius manifolds with factorizable fiat identities, r is an afiine map, which factors through 
p : M(^) X M(2) = M(i) X C X M(2) X C ^ M^^^ x M^^) ^ C wliich is given in some 
fixed choice of coordinates on the factors C by p{mi,x,m2,y) = {mi, 7112, x + y), i is 
an embedding of affine fiat manifolds and G is an isomorphism of metric bundles with 
affine fiat structure between the pulled back tangent bundle of N and the exterior prod- 
uct bundle over 

MW X M(2). Where the statement that 6 is an isomorphism of metric 
bundles with affine flat structure means that it is an isomorphism of metric bundles and 

We will call such a diagram a tensor product diagram and N a tensor product mani- 
fold for M(^) and M^^) if it additionally preserves the structure of bundles of Frobenius 
manifolds i.e. it satisfles the following conditions: 

i) for all points {p,q) E M^^) x M^^); 



'P 



fo0 



(0 C (f o 0(8, ® d,)), gr,, <l'f((,,,))), (3.13) 

where ToQ{da® db) G T^((p,g)),Ar 

In other words, at all points in the image of r, f o gives an isomorphism of 
pointed germs of Frobenius manifolds deflned in Example |3.3.2| : 



foe 



(Tp,^,(i) ®T,,j^,(.),0) ^ iT^i(p,g)),N,0) = (N,r((p,g))) (3.14) 

ii) The affine connection deflned on Tj^(i) ^Tj^^(2) by the pullback of the canonical affine 
connection on T/v — deflned by the flat structure on T/v and the canonical 1-form 
6 can — is the tensor product connection 6r of the Proposition 3.3.5 : 

r*{ecan) = &oer. 

as maps. 



(3.15) 



3.4.3. Remark. Due to the condition i) for a tensor product diagram the condition ii) 
for a tensor product connection is already satisfled by the pulled back affine connection 
cf. Example p.3.2| . The condition i) for a tensor product connection then forces that r is 
affine in the affine coordinates of the source and target spaces. 
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3.4.4. Definition. Two tensor product diagrams 



T^d) K r^(2) — ^ T*(7Ar) ^ Tat (3.16) 




T^(i) K T^(2) r'*(TA,) ^ Tat' (3.17) 




M(i) X M(2) X C 



are called equivalent if there exist open neighborhoods Un,Un' of the images of r, r' and 
an isomorphism of of Probenius manifolds C/jv — > C/at' s.t. the induced diagram satisfying 
the conditions of a tensor product diagram is commutative. 

4>* 




(3.18) 



Note that we take the notion of isomorphism of Frobenius manifold in the strict sense 
that all data should be compatible and we do not allow for instance a conformal change 
in the metric as in [D2]. 

3.4.5. Theorem. For any two Frobenius manifolds with factorizable flat identities there 
exists a tensor product diagram and hence a tensor product manifold of these two mani- 
folds. Furthermore, any two tensor product diagrams for two given Frobenius manifolds 
M^^^ and M^^^ are equivalent. 

Proof. 

Construction. We construct a tensor product manifold and the structure isomorphism 
for Frobenius manifolds with factorizable flat identities (for a generalization see below). 
We start from a pointed cover which is a refinement of the cover given by the domains 
of convergence of the various ^p'^ and ^'g\ Another choice of refinement would lead to 
an equivalent diagram. We define W = {C/(p^q)|(p, g) e M^^^ x M^^^} where the f/(p,5) 

are defined as above. The affine structure provides the affine transition functions for the 



THE TENSOR PRODUCT IN THE THEORY OF FROBENIUS MANIFOLDS 



27 



respective coordinate maps 99^: 

which can be written in matrix form relative to the chosen basis 



1 



They satisfy the conditions 

1 ; V I )^ \ Q I ) \ Q 1 ^3^g^ 

where Lp(j are product transition functions, i.e. A}[j = {A^^^ © and = x}^ + y}^. 

Notice that the Up^g can be decomposed as f/(p,f,) = ^p,q) x C where we choose the 
direction C to be the "anti-diagonal" in given by e*^^^ — e^^-*. Furthermore, the map p 
has a section s defined by s{mi,m2,x) := (mi, |x,m2, 

Using the tensor product connection we can map each U into the fiber of the exte- 
rior product bundle over its base-point, say {p,q). This yields an embedding of JJ into 
Vpq, where Vp.g. is, as defined above, the domain of convergence of ® . Let Or 



be the tensor connection of p.3.5| . Denote the affine parallel displacement w.r.t. Oj- of 

TmW ^^M(2)|(p,g) into r^,/{i) Kl Tjv/(2)|(p(,,5o) by (e,) 

(po,9o)^ We define a pointed coordinate 
neighborhood, to be a pair ([/, (po, ^o)) s.t. f/ is a connected simply-connected coordinate 
neighborhood of a fixed point {po, qo) G U. For such a pointed coordinate neighborhood 
{U,{po,qo)) with U C [/(p 

o,qo) we define : U > ^m(i) ^ -^m(2) |(po,go) 

by 

r^(p,g) = (^.)jj-f)(0). (3.20) 

From now on we will always use pointed neighborhoods and sometimes drop the explicit 
mention of the base-point. 

Denote the matrix in the chosen basis defined by 6( on an open pointed coordinate 
neighborhood U EWhyO^. These matrices satisfy 

(A(i) ® A(2))^^^f = e^{A^'^ © A(2))^. (3.21) 

In this notation: 

r^(p,g) = ^f(p,g) (3.22) 

where we identified the point (p, q) with its coordinate vector in T(^po,qo) 

Now choose an open pointed cover of U the image of s inside M*^^^ x M^"^^ subordinate 
to W along which is small enough for our purposes. I.e. all open sets of the cover are 
connected simply-connected coordinate neighborhoods, their union is a tubular neighbor- 
hood of s{M) and all intersections of these opens are connected simply-connected as well. 
Furthermore, V(f/, [p, q)) eU : [p, q) G Im(s), U C f/(p,<j), and t^{U) e Vp 



For each f/ G W we choose ?7 to be a tubular neighborhood of the image of U inside 
Vpq. Again, different choices lead to equivalent diagrams. 

We obtain the desired tensor product manifold by gluing the open sets U together 
using the tensor product of the transition functions. More precisely: For a given pair 

U,V eU,U nV ^ ^ we define the affine transformation 
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where Ajj = It is straightforward to check using (|3.19|) and ( p.21|) that 

-V -U-l -W -V -W /o o/iN 

¥>h = '^V ' Vtj = <^o (3-24) 
and therefore we get a manifold 

N ■.= {UueuU)/n (3.25) 

where 71 is the equivalence relation induced by the (f. 

The cover U := {U\U G U} together with the inclusion maps : U (i^nin2 ^^^^^ ^j^g 
transition functions ip^ ( |3.23| ) define an affine atlas of N. The canonical fiat structure 
©a b'^ {da <^ db) on each U together with the tensor metric = Qp® Qq glue together 
under the affine transformations to form an affine flat structure on A^. 

Due to the condition (|3.21|) the maps : ?7 — > f/ C Vpq of ( p.22|) satisfy: 

<^?r^(M) = r^(M) (3.26) 

ioT u E U r\V and thus glue together to a map t : U[/gw U ^ N . We can now deflne the 
map r as 

T := t o s op (3.27) 

Note that since T4f(i) and Tjv/(2) are trivial along the factors C of the decomposition 
sop induces the following identity between bundles 

(s o pyiTMW K Tm(2) ) = Tm(i) K Tm(2) (3.28) 

Due to the fact that all higher (i.e. higher than the third) derivatives of the potentials 
are independent of the coordinates of the identities, the above identity of bundles induces 
an isomorphism of germs of pointed Frobenius manifolds 

(T^(i) M T^^(2) |m, 0) = (T;vf(i) Kl T^,^(2) I 0). (3.29) 

So far we have constructed an affine flat manifold a map r : M(i) X M(2) ^ N and it 
is easy to conflrm that T*{Ocan) = Q oO^ and that r*(T/v) and T^(i) Kl Tj^(2) are naturally 
isomorphic under the composition B of the identiflcation of the tangent space of a vector 
space at a point with the vector space itself and the isomorphism of ( p.28|) . 

Furthermore, the by construction the map r factors through p and since t is an injection 
on Im(s), z := t o s is an embedding. 

To endow with the desired Frobenius manifold structure, we have to check that the 
U glue together as Frobenius manifolds. 

This follows from the properties of the tensor product connection. Let u & U Ci V , U 
have the base-point (p, q) and (p', q') be the base-point of V. The Frobenius structure of 
tJ is given by the potential and the Frobenius structure of V by the potential 
Using the tensor connection we see that the germ of $pg at {u) and the germ of at 
Q'm.Vu can be given by the same power series. This equality between the germs holds 
as well for the germ of at in V„ and the germ of $p'g' at (u) and since the whole 
germs coincide so do the functions: 

%q{x) = %,q,{y) ^y = 4{x). (3.30) 

Since Or is a tensor connection the deflnition of t and the isomorphism (p.28|) show that 
the condition i) for a tensor product diagram also holds. 
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Uniqueness 



Let two diagrams as in |3.4.4| be given. To construct the open subsets Un, Un' and 
the isomorphism of Frobenius manifolds we choose a pointed cover Un of a tubular 
neighborhood of the image of r which additionally has the following properties: 

i) V(f/, n) G Un : n G Im(r), U C Un where f/„ is again the notation for the domain of 
convergence of 

ii) The opens and their intersections should be connected and simply-connected and 
all open sets should be coordinate neighborhoods. 

iii) Using the isomorphisms G and 0' we can identify a small neighborhood of on the 
fiber of T]^(i) IEITjy(2) at (p, q) with a neighborhood of r((p, q)) on and a neighbor- 
hood of t'{{p, q)) on A^'. The condition for our cover is that all open neighborhoods 
of the cover are so small that the above identifications exist. 

We define the map as the concatenation of these identifications, i.e. 

= exp \r'(so^^^n)) O f' O 0' O 0"! O f\;^]^,^^^ O exp'^ ^ (3-31) 

where ^l7oi-i(n) inverse of f restricted to the fiber of T^.fWxMC^) at s o i~^(n). We 

set Un = [j(^u,n)eu^ U and Un' = U(c/,„)6i^^ 0(^'"Ht/). Since r*^,„„ = o and &oe,= 
'^'*^can ^'^d all maps preserve the relevant germs of Frobenius manifolds, it is clear that 
the maps 0*^^^'"^ patch together as a morphism of Frobenius manifolds. On the image of i 
we have 0|im(j) = t' o s o A short calculation shows that this map yields a bijection 
between Im(i) and Im(i') with inverse tos' oi'~^. After making the original cover smaller 
if necessary, we can assume that the induced cover Un' '■= {{(p{U), 0(n))|(f/, n) G Un} also 
satisfies the conditions i)-iii) and the union of the opens of this cover is again a tubular 
neighborhood of Im(r'). Hence, we can perform the analogous construction starting from 
Un' yielding an inverse morphism. Thus is an isomorphism of Frobenius manifolds 
which satisfies the condition o r = r' and the commutativity of the upper part of the 
diagram (|3.18|) follows directly from the construction. 

3.4.6. Proposition. Given two Frobenius manifolds with factorizable flat identities 
and Euler fields (with d = 1) then any tensor product manifold carries the natural tensor 
product identity and can be endowed with an Euler field locally defined by ^.l.li . 

Proof. 

We will define the identity and the Euler field on a tensor on the product manifold A^ 
constructed above. The results can be pushed to any equivalent manifold. Let 

e% := d'i^ ® d'i^ E^:=E,, (3.32) 

where Epq is the Euler field constructed for the formal tensor product in |2.L1CI| . The 
gluing condition for the identities is clear from the compatibility of the fiat structures. 
What still remains to be shown is that the locally defined Euler fields glue together 
J-vE^{x) = E^ (i^fJx)), where J is the Jacobian. 

Let v^^(x) = A^^^ 1^ A^'^^ X + 9^ {^i^) . Furthermore, we will write all Euler fields in matrix 
form; for U = f/^^) x f/(2), V = V^^) x V"(2) 



The gluing conditions for E^^^ and E^"^^ read 
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In this notation for all {p, q): 

= (D^''' ®Id + Id® D^^'^ -Id® Id){x) + ^^(r^''' + r^''') 

And hence 

® A^^^Epq{x) =(D^'" ®Id+Id® D^^'^ -Id® Id) i^lix)) 

+ C( - (D'"''' ®Id + Id® D^''' -Id® Id){i^) + A(i)r^'^' + A^'\^''') 

3.4.7. Remarks. 

i) The restriction of factorizable identity is not too severe. In all presently known ex- 
amples this is the case. This includes all semi-simple Frobenius manifolds considered 
on without the diagonals, as well as the split semi-simple Frobenius manifolds 
on the universal cover of the previous space given by special initial conditions. 

ii) Locally one can always complete the direction of the identity by using an appropriate 
embedding into C" (see below). 

3.5. Embedded Frobenius manifolds. Notice that the universal cover of every affine 
manifold of dimension n has an immersion into C" (cf. e.g. [KW]). This immersion can 
be quite non-trivial however, see e.g. [ST]. We will call a Frobenius manifold an embedded 
Frobenius manifold if the manifold itself has an embedding into C". In this case we will 
identify the Frobenius manifold with its image under the embedding. It then has global 
coordinates given by a choice of basis for the affine flat tangent bundle. 

Actually, most constructions of Frobenius manifolds use global coordinates e.g. the 
ones coming from quantum cohomology, unfolding of singularities or Landau-Ginzburg 
models. 

3.5.1. Lemma. An embedded Frobenius manifold M, M C C", with flat identity can 
be completed in the direction of the identity. I.e. there exists a Frobenius manifold 'M. with 
factorizable flat identity which contains M as a Frobenius manifolds M = M x C D M 
and the other structures are given by restriction. 

Proof. Since the potential a polynomial of order less or equal three in the coordinate 
of the identity for a Frobenius manifold with flat identity, the respective three-tensor 
defining the Frobenius structure is independent of the coordinate of the fiat identity. 
Hence, since the tangent bundle is trivial, we can enlarge the domain of definition of this 
three-tensor so that it contains all lines in the direction of the identity. Likewise, we can 
extend the metric to these points too. 

The structure of a tensor product manifold for two embedded Frobenius manifolds with 
factorizable fiat identity allows a more explicit description. 

Let M^^^ and M^"^^ be realized in C"^ respectively C"'^ and consider the map r : 

^ni+na _^ (Qnma ^ £m ^ (j-na gj^g^^ ^J^g matrix Tab = ^Oa + ^bO- Lookiug at the 

construction we arrive immediately at the following: 

3.5.2. Proposition. The tensor product manifold for embedded Frobenius manifolds 
is equivalent to an embedded Frobenius manifold given by a neighborhood of the image 
t{M'^^^ X M(2)) C ® C"2 and the image is isomorphic to M^^^ x M^^) x C in the 



notation of Lemma 3. 5.1 
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3.5.3. Remark. The tensor product in the particular cases considered in this subsec- 
tion thus contains a subset isomorphic to the image of p parameterized by the coordinates 
Xao, {xab = for ab ^ 0) The third derivatives of the potential $ of the tensor product 
satisfies: 

(3.33) 

but moreover along the image of r the whole germs of $ are given by the tensor product of 
the associated pointed germs. Vice versa, the condition (|3.33|) does not suffice to identify 



a tensor product manifold, since it does not determine the higher derivatives in the dab 
directions for ah 7^ 0. 

3.6. General tensor products. The construction and the universality statement easily 
generalize to the following setting. 

3.6.1. Definition. Let be a tensor product connection on the exterior product bun- 
dle over a Cartesian product of two Frobenius manifolds M*^^^ and M*^^^ We call the 
Cartesian product M*^^) x M*^^) Q ^-reducible if there exists a flat affine manifold M, an 
affine projection p : M^^^ x M^'^^ — > M together with an affine section s of this projection 
which is an embedding of affine flat manifolds satisfying the following conditions 

i) The projection condition of (|3.28|) 



{s o vYiTuw K Tm{2)) = T^.d) K Tm(2) (3.34) 

ii) The condition on the respective germs of Frobenius manifolds ( ^.29] ) 

(sop)* 

(T^(i) Kl T^(2) |sop(m), 0) = (Tfl,j(i) Kl rj,,^(2) |m, 0) (3.35) 

iii) The compatibility with the tensor product connection; under the identification of i): 

(sop)*0^ = 0^ (3.36) 

vi) And the embedding condition 

7\f(i) ffl |lm(s) = ^lm(s) © ^er(^^)|ini(s) (3.37) 

The triple {M,p, s) is then called a 6r-reduction 

3.6.2. Lemma. // in a Cartesian product M^^^ x M^'^'' each of the factors M'^*-' can be 
decomposed as M*^*^ x C"* as fiat affine manifolds and the whole Cartesian product can 
be decomposed as M x C" where the third derivatives of the potential are constant in the 
C-directions and the kernel of Or gives the coordinates the C-directions and furthermore 
the factor C" is an affine flat factor o/C"^ x C"^, then M.^^'^ x M^^^ is 6 ^ -reducible. 

Proof. We can decompose M^^) x M^^) as M^^) x M^^) x C"i+"2-n x C" where C"i+"2-" x 
C" is the postulated decomposition of C"'^"^"^. Now consider the projection p : M^^^ x 
^ M = M(^) X M(2) X C"i+"2-n and the zero section s. They satisfy all the conditions 
of a 6',--reduction. 
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3.6.3. Lemma. For two Frobenius manifolds with not necessarily factorizable flat iden- 
tities a general tensor product diagram for the canonical tensor product connection O-r 
( p.3.5D exists. 

Proof. Locally we can achieve the following situation: let U in M^^^ x M be an open 
set which satisfles: U = f/^^^ x U^'^^ = U^'^^ x Dr x U^'^^ x Dr where Dr is a disc of radius 
r in C centered at — = {z \ \z\ < r} — which is coordinatized by the identity. Now 
take M := U'-^^ x f/(2) x where Dsr = | I z\ < 2r} and deflne p and s as in the 
construction of |3.4.5| . Since again the potential is constant on the factors D all necessary 
properties directly follow. 

3.6.4. Definition. For three Frobenius manifolds M*^^) and N consider a diagram 
of the type 





T, 




(3.38) 



M(i) X M(2) 



together with a tensor product connection 9r, such that M*^^) x M*^^) is 6'^-reducible, 
{M,p, s) is a 6'T--reduction, r is an affine map and O is an isomorphism of metric bundles 
with affine flat structure. 

We will call such a diagram a 6^- -tensor product diagram if it satisfles the condition i) 
and ii) of a tensor product diagram where now 6^ is given in the data. 

3.6.5. Definition. Two general tensor product diagrams are called equivalent if there 
exist open neighborhoods 11^,1/^' of the images of r, r' and an isomorphism of of 
Frobenius manifolds Un —>■ Un' s.t. the induced diagram of the form ( |3.18| ) satisfying the 
conditions of a general tensor product diagram is commutative. 

3.6.6. Theorem. Given a tensor product connection Or on an exterior product bundle 
over the Cartesian product of two Frobenius manifolds M*^-^^ and M*^^) with Or-reducible 
Cartesian product, there exists a 6r -tensor product diagram and thus a tensor product 
manifold. Furthermore, fixing a 6r -reduction all diagrams involving this reduction are 
equivalent. 



Proof. In the case that and 9^- is not identically zero we can retrace the proof of |3.4.5| , 
since we only used that 6r is a non-zero tensor product connection and the existence of a 
6'T--reduction. In case 9r = the image of p is just a point and the tensor product already 
exists by the construction for convergent germs of Frobenius manifolds. The uniqueness 
then follows directly from the condition i) for a general tensor product diagram. 

3.6.7. Remark. The local situation for Frobenius manifolds with flat identities can be 
described in three different ways: 

i) Via the tensor product connection. 

Given any point (p, q) G M*^^) x M we have the corresponding pointed germ of the 
tensor product relative to the pair of base-points (p, q) on the flber of T^(i) Kl T^/ (2) 
over (p, q). This germ can be seen as the germ describing the situation locally since 
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by virtue of the existence of the tensor product connection of p.3.5| all continuations 
of this germ will contain all neighboring germs. 

ii) Via an embedding and completion. 

Locally we can embed any complex affine manifold of dimension n into C^. Using 
the analysis of embedded Frobenius manifolds with flat identity we can complete our 
embedded manifold and use the Theorem for tensor product diagrams to find a local 
tensor product manifold. 

iii) Via the local general tensor product. 
See Lemma ^.6.3| . 

Of course all these descriptions are compatible. The compatibility of i) with ii) and iii) 
is manifest in the condition i) of the definition of (general) tensor product diagrams. For 
a suitable neighborhood, we can pass from the ii) to iii) by restricting everything to the 
image of this neighborhood in the completion of its embedding and its image under r. 

3.6.8. Remark. One necessary condition for the existence of a general tensor product 
diagram is the existence of a tensor product connection. In some cases there are many 
such connections in others there may be none. If there is none one this shows that the 
tensor product can only defined w.r.t. a fixed base-point and there is no way of naturally 
parameterizing the tensor products by a submanifold in a Frobenius manifold. 

3.6.9. Examples. 

i) Choose two vector spaces V, V with a constant product and consider the constant 
tensor product multiplication in the sense of algebras on V ^ V. Now any linear 
map 6r '. V X V' V ^ V will provide a tensor product connection. 

ii) Consider two one-dimensional Frobenius manifolds whose potentials both have a 
zero; say at the points p and q, but are not constantly zero near these points. Using 



the Proposition p.2.13| we see that the Frobenius structure on the tangent space at 
(p, q) would be given by a vanishing potential. On the other hand, near the point 
(p, q) the potentials are non-vanishing by assumption and so is their product which 
is the value of ^ on the zero section of the exterior product bundle. Thus there is 
no tensor product connection on a neighborhood of the point {p,q). (For a general 
statement about the one-dimensional situation see below.) 
iii) A tensor product connection always exists for the product of any Frobenius manifold 



M with C carrying a constant multiplication, i.e. the third derivative potential $ is 

dz 



constant ^zzz = ol — where 2 is a fixed coordinate on C. Notice that after scaling ^ 



we can assume that the multiplication is either constantly zero or ^ is a flat identity 
for C. In this case, Or{da) = <9ao, 6't-(9q) = provides a tensor product connection. 
The tensor product manifold is M itself and the map r = tti the first projection of 
M X C. Here p = r and s is the zero section. 

3.6.10. The tensor product of one— dimensional Frobenius manifolds. In this 
subsection we give a complete answer to the existence question of a tensor product con- 
nection in the case of two one-dimensional Frobenius manifolds. 

3.6.11. Proposition. A tensor product connection for two one-dimensional Frobenius 
manifolds exists if and only if one of the factors has a locally constant multiplication i.e. 
locally ^zzz = where z is the coordinate function of the flat vector field ^ or equivalently 
it carries a flat identity or a zero multiplication. 
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In other words, the tensor product of one-dimensional theories is essentially pointed 
and does not contain perturbations of the base-points. 

Proof. Using the notation of the previous subsection, suppose a tensor product con- 
nection exists. Choose any point (p, q) G M^^^ x M^"^^ and a coordinate neighborhood U 
of {p,q) with the local normalized product coordinate (^1,^2), i-e. (2^1, 2^2) (p, 9) = (0,0). 

Write (fi := and := ^'z2Z2Z2 and v?^,,^^ := f^^zi ® 

Set 

ip{zi, Z2, z) := ^zuziiz - r{zi, ^2))- 
The function ip is independent of zi, Z2 since by definition of a tensor product connection 

iIj{Zi,Z2,z) = (pofiiz) 

Therefore: 



d 

— ^ = 

dzi 



and thus 



^^1^{Z„Z2,T{Z,,Z2)) = ^^(0) - |^|(.„.,)V^li,,2(0) = 

^ ^'^^i'^^) - -Q^\iz^,z2){vWl + vlv'2) = 

where ' denotes the derivative and we used the short-hand notation yji, for ipi{zi), ^2{.Z2)- 
Furthermore, 

^i;\z,,Z2Mzi,Z2)) = ^^(0) - ^y,Z2)V"z^A^) = 

^ ^('^'i'^2 + <^?<^2) - |^l(.i,.2)(<^'iV2 + 5(^i(^2V5>2 + <^?<^2) = 0. (3-39) 

Therefore we have 
d d 

^^'^'^^l ^ ^^dz^"^^'^^^' ^2)) = (Pl(p2^'iip2{'f[ipl + ^\^'2) = 0. 

Therefore either ipi or ip2 constantly vanish, or we may assume that on some open set 
fi{zi) and (f2{z2) 7^ and therefore if also neither if[ nor (f2 constantly vanish we 
must have 

#4 = -#4 = c (3.40) 

where c is a constant. 

The solution to these simple differential equations is (pi{zi) = ^^^^^ and 7^2 (-^2) = cx+d2 ' 
Inserting ( ^.4UD into the equation ( |3.39| ) we find 

cVM = 

which yields that c = a contradiction to the last assumption. 
Therefore either ip[ = ot ip2 = and the proposition follows. 
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4. Semi-simple Frobenius manifolds 

4.1. Semi— simple Frobenius manifolds. We will briefly recall the main notions of 
semi-simple Frobenius manifolds as explained in [Ml]. For other versions see [D2] or 
[H]. A Frobenius manifold of dimension n is called semi-simple (respectively split semi- 
simple) , if an isomorphism of the sheaves of Cju^algebras 

(7m, o) — (C'm, componentwise multiphcation) (4.1) 

exists everywhere locally (respectively globally). 

If a Frobenius manifold M is semi-simple, one can find so-called canonical coordinates 
Ui — unique up to constant shifts and renumbering — s. t. the metric and the three-tensor 
A defining the multiplication become particularly simple. Let Cj = i/j = dwj, then 

^ = E^^(^')' ^ = E^^(^')- (4-2) 



If in addition an Euler field exists, then it has the form E = + c*)ej. In this 

situation, we will normalize the coordinates in such a way that 



E = J2u'^i- (4-3) 



This normalization fixes the ambiguity in the coordinates ti* and renders them unique up 
to the S„-action. 

4.1.1. Definition. In the above situation, we will call a point m E M tame, if it 
satisfies Ui{m) ^ Uj{m) for all i ^ j- In other words, the point m is tame, if the spectrum 
of the operator Eo on Tm is simple. 

In the theory of semi-simple Frobenius manifolds one then defines certain natural struc- 
ture connections which give rise to isomonodromic deformations. These deformations are 
governed by the Schlesinger differential equations [Sch, Mai], thus providing a link be- 
tween Frobenius manifolds and solutions of the Schlesinger equations; the details can be 
found in [D2, Ml, MM]. 

4.1.2. Theorem (2.6.1 of [MM]). Let (M, {u'),T, (A)) he a strictly special solution 
and e an identity of weight D, then these data come from a unique structure of semi- 
simple split Frobenius manifold M with an identity {do — 1) and an Euler field via 

T — r{M,T/j), («*); the canonical coordinates 
Ajia) = fori^ J, Aid) = —Ci + J2 - (4 4) 

The operator V is given by: V{X) = Vo^x{E) X. 

Here, the manifold M only has tame points which means that by definition u^{m) ^ 
u^{m),\/i ^ j,m E M . M should be regarded as a splitting cover of the subspace of tame 
points of a given Frobenius manifold. 

For the notion of strictly special solutions consult [MM] . 
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4.1.3. Special initial conditions. Fixing a base-point in a solution to Sclilesinger's 
equations and taking the coordinates Cj for T call a family of matrices A^, . . . G End(T) 
special initial conditions, if there exists a diagonal metric g and a skew-symmetric operator 
V s. t. A'j = —(V + ^ld)Pj, where Pj is the projector onto Cej. 

In the case of semi-simple Frobenius manifolds with an Euler field and a fiat identity, 
the special initial conditions are given by the value of the structures listed in [4.1.2| at a 
fixed tame point mo G M with coordinates [uq)] more precisely, the metric is given by 
the 'qiiniQ) and the operator V by the matrix (fij)jj defined by (Vo,ei(-E) — "f (ei))(^o) = 
i^jVijej){mQ). The matrix coefficients Vij can be calculated as follows: 

t;,, = (w*-w^)^(mo). (4.5) 

4.2. The tensor product for split semi— simple Frobenius manifolds with Euler 
field and fiat identity. In the previous section we constructed a tensor product of Frobe- 
nius manifolds with factorizable fiat identity. Moreover any split semi-simple Frobenius 
manifold is already determined by the special initial conditions at a tame semi-simple 
point. 

If there is a pair of tame semi-simple points (p, q) G M' x M", then the image t((p, q)) 
is again a semi-simple point, since the algebra in the tangent space over the base-point 
of the tensor product is just the tensor product of two semi-simple algebras and thus it 
is itself semi-simple. 

Thus, the tensor product manifold is given locally near T{{p,q)) by the special initial 
conditions at T{{p,q)) if this new base-point is again tame. The tensor product is glob- 
ally given by these conditions for the tensor product of two split semi-simple Frobenius 
manifolds. 

This condition, however, is not very restrictive and if there is a pair of tame semi-simple 
points in some open U one can always find a pair of tame semi-simple points {p', q') G U 
whose image is also tame semi-simple as we will show later. 

4.2.1. Canonical coordinates. Since the proof of existence of the tensor product 
makes extensive use of the flat coordinates, a natural question to ask in the setting of 
semi-simple Frobenius manifolds is: Is there also a nice formulation in terms of canonical 
coordinates? Generally, one can not expect simple formulas, since the algebra in the 
tangent space over a given point in the tensor product manifold is generally not a tensor 
product of algebras — this locus is described by the image of the Cartesian product — 
and the "coupling" of algebras results in a destruction of the pure tensor form of the 
idempotents. 

Using the definitions of the tensor product for formal Frobenius manifolds, we can, 
however, calculate the idempotents of the tensor product in terms of flat coordinates in 
the formal situation. They are given by the following Proposition up to terms of order two 
in flat coordinates which is the precision needed to calculate the special initial conditions. 

4.2.2. Proposition. Given two semi-simple Frobenius manifolds M', M" let the idem- 
potents near the base-points ttiq, have the expansions e[ = + x'"" ef +0{x''^), and 
e'l = e'-^ + Y^x""" ef" +0{x"'^) in the flat coordinates x' and x" , then the idempotents Cij of 
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the tensor product (M'®(m^,m(,') M", 0) have the following expansion in the flat coordinates 
X around 0; 

e,,(x) = ef ® ef + ^"'^"i^fef ® + Af ® ef) + 0{x^) (4.6) 

a', a" 

where d'^, = ^ Af ef and d'^„ = ^ Af ef . 

Furthermore, the respective coordinate functions for the tensor metric rjij := ri{eij,eij) 
have the expansions: 

(4.7) 

and their derivatives rjij^ki '■= ^ki^ij have the following values at the base-point mo-' 

V^MO) = hivkiOv-iO + 6.M<)d'a''V-i{<) (4.8) 
where 6i^k is the Kronecker delta symbol. 

If the factors carry flat identities and Euler fields, then the normalized canonical coor- 
dinates of mQ are: 

«'J(0) = u''{m'o) + u"^{m'^. (4.9) 



Proof. To check the formula (|4.6|) , expand the potential $ up to order four in the flat 
coordinates and verify the idempotency by direct calculation. 

The equations for the idempotents e^ = e° + ^x°e" + 0(a;^) in fiat coordinates are in 
zeroth order: 

e? = (e°,e°) (4.10) 

and in first order 

e^ = (e°,e°,9J + 2(e^e°). (4.11) 

Here we used the notation {di, . . . , dj) for the higher order multiplications. 
We can now check; both conditions for (14. 61). For the zeroth order we obtain: 



(e?,,e?,) = (ef,ef)®(ef,ef) = ef®ef = e°, 
And for the first order terms: 



{el,elda>a") + 2iet; e^, 
= (ef , ef , d^,) ((ef , ef )9,.) + ((ef , ef )9,0 (ef , ef , d^.) 
+ 2Af (ef ', ef ) ® (ef , ef ) + 2Af (ef , ef ) ® (ef ", ef 



=Af [(ef , ef , c^O + 2(ef , ef )] ® ef + Af ef ® [(ef , ef , t^.) + 2(ef f ef )] 
=Afef ®ef + Afef ®ef" 

since ((ef ,ef )9,.) = (ef ,9,») = Af ef and ((ef,ef)9,0 = (ef,9„0 = Af ef. 
The expansion for the metrics of the factors reads: 

V]{x") = + E a:'"^"2<7(er", e"°) + 0(x"2) 
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Inserting ( [4 .61) into the tensor metric we obtain (4.7): 



= ^7'(ef ®ef)/(ef,ef) 
+ 2 J2 ^"'""[Af ^?'(ef , ef )^"(ef , ef ) + Af ^'(ef , ef )^;"(ef' , ef )] + ©(x^) 

a',a" 

= ^:K)<(^o) + E ^"''^"(^""(^>D(^;)<(^o) + Af r^:(m[,)(a:„ry;)K)) 

a', a" 

The formula (4.8) then follows by derivating (4.7) w.r.t. cm = ^a'a" "^a'K." where (A^/) 
and {Xa„) are the inverse matrices of (Af ) and (Af) defined above. 

(efc,r/,,)(0) = (EA^Ai„9.,..r^.,)(0) 

a'a" 
a'a" 



a' a" 



Finally, ( |4.9| ) can be derived from the expansion of the equation -E = X] '^^''^ij with the 
Euler field E given by Theorem |2.2.2| . 

J2^'\0)el = EiO) = E'(m'o) ® d'^ + d'^ ® E'\ml) 

= (J]«'X^[))ef) ® (ES'°) + ® (E«'"K)^?) 

i j i j 

= E(«'K)+«'"K))e°- 

4.2.3. Remark. Notice that since c^o = e^ we always have that A° = A° = 1, so 
that we retrieve the previous result for the tensor product constructed in the last section 

^ij I Imr e j ® Gj 

up to order two as it should be. 



4.3. Tensor product of special initial conditions. In the Lemma [4.2.2| , we have 
calculated all of the structures (|4.4| ) necessary to determine the special initial conditions. 
We find: 
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Vkl 



V'kV'i (4.12) 

= 5ji{u'-u')^ + 6ik{u' -u^)'i 
V'k v'l 

= SjiVik + SikVji 

Another approach using the Euler field is given by the following observation: 

4.3.1. Remark. To give the special initial conditions for a tensor product with the 
choice of tensor metric and the Euler field (2.14), it suffices to determine the operator 

V:V{X) = Vo,xiE)-^X (4.13) 

in the tangent space to the base-point TM^mo- Since V is an OM^inear tensor, its value on 
a vector field X is already determined by X |^^G TM^mo-, so that, if we are only interested 
in the operator V restricted to TM^mo-, we can use any extension of the vector X to a 

vector field in a neighborhood of rriQ. Choosing a fiat extension X-^, the formula ( |4.13|) 
simplifies to 

In particular, in the situation of Theorem p.l.lOj , we can extend the idempotents Cjj ' 



I mo 



to flat vector fields ef and use the formula ([4.14|) to calculate the special initial conditions 
via the operator V for the semi-simple tensor Euler field. Now it is clear that {cij) \^^ = 
^'i\m' ® ^"j Im'" since the algebra over mo is just the tensor of the algebras at the chosen 
zeros ttlq and ttlq. Recalling the form of E given by (2.14), we find for fiat X, Y 

[X ®Y,E] = [X, E']®Y + X® [Y, E"] - dX ®Y. (4.15) 

Thus, 

V(ef,) = [ef,,i5]-|e{^.= 

(K^ E'] - ^e'/) ® e"/ + e'f ® ([ef , E"] - ^e"/). (4.16) 

Using the explicit formulas of Lemma [4.2.2| or the Remark |4.3.1| , we obtain: 

4.3.2. Theorem. Let {N',p) and {N",q) be two germs of semi-simple Frohenius man- 
ifolds with tame base-points, Euler fields and flat identities which satisfy u'\p) +u"^{q) ^ 
Vk^ip) + u"\q) for i ^ k and j ^ I and let the corresponding special initial conditions he 
given by (V',//') and {V",r]"), then the special initial conditions for the Schlesinger equa- 
tions corresponding to the tensor product with the flat identity and the Euler field of the 
product chosen as in Theorem ^.1.1C\ are given by: 



Vij = ViV'j 



Vij,ki = Sjiv'ik + ^ikVji- □ (4.17) 
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4.3.3. Corollary. In the neighborhood of a pair of tame semi-simple base points the 
tensor product can be locally given in terms of special initial conditions. 

Proof. Since the condition u'\p) + u"^{q) 7^ u'^ij)) + u"\q) for i ^ k and j 7^ / is 
an open condition we can always find a pair of tame semi-simple points satisfying the 
equation. Since the tensor product is locally unique up to isomorphism the Corollary 
follows. 

4.3.4. Remark. The virtue of the Corollary above (together with the existence theo- 
rem of the last section and the Theorem on the existence of an Euler field) is that it is 
thus possible to consider special initial conditions to identify a tensor product which was 
originally defined by the tensor product of two germs with nilpotent base-point. 

In many examples this is exactly the case. For instance in quantum cohomology as well 
as in Saito's unfolding spaces [S, M3] and the constructions in [D2, DZh]. 

4.4. Example: Special initial conditions for P" x F*". Using the Theorem we can 
calculate the special initial conditions for P" x P"* using the results of [MM]. Set = 



4.4.1. Proposition. The point ( X tj Oil J Ob ,0,...) has canonical coordinates u 



^01 



+ Cl{n + l)e^ + Cm("^ + l)e^ 

The special initial conditions at this point corresponding to Hquanti^^ x '^^) ore given 

by 

/•i—k /'j—l 



^rjM = -i-r^k^^^ + v^M) (4-18) 



and 



n^. = ^ ^e""'"^-""'^ (4.19) 

(n + l)(m + l) ^ ^ 
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